Sequential measurements of non-commuting observables 
with quantum controlled interactions 
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The origin of non-classical correlations is difficult to identify since the uncertainty principle re- 
quires that information obtained about one observable invariably results in the disturbance of any 
other non-commuting observable. Here, this problem is addressed by investigating the uncertainty 
trade-off between measurement errors and disturbance for measurement interactions controlled by 
the state of a single qubit that can realize any quantum coherent superposition of a fully projective 
measurement and the identity operation. It is shown that the measurement statistics obtained from 
a quantum controlled measurement of A followed by a projective measurement of B can be ex- 
plained in terms of a simple combination of resolution and back-action errors acting on an intrinsic 
joint probability of the non-commuting observables defined by the input state of the system. This 
complex-valued joint probability is consistent with the complex- valued probabilities that have been 
derived from weak measurement statistics, indicating that the results of weak measurements are 
also valid at intermediate measurement strengths once the effects of back-action are properly taken 
into account. 
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According to textbook quantum mechanics, the pre- 
cise measurement of a physical property instantaneously 
changes the state of the system to an eigenstate of that 
property. This "collapse" of the state eliminates all quan- 
tum coherences between alternative measurement out- 
comes, resulting in an irreversible loss of information. To 
reduce the loss of information associated with a quantum 
measurement, it may be useful to reduce the precision of 
the measurement, resulting in a trade-off between the res- 
olution of the measurement and the disturbance caused 
by the measurement back-action on the initial state [iHHl ■ 
However, the precise relation between back-action and 
resolution is itself a difhcult quantum mechanical prob- 
lem, since the error free initial values of the properties 
concerned cannot be accessed and evaluated by direct 
observation 0-|l3- 

Interestingly, a well-defined pattern emerges in the 
limit of weak measurements, where the measurement res- 
olution is so low that the back-action does not appear to 
alter the output statistics [l^ . It is then possible to con- 
sider the average measurement results for an observable 
A as values conditioned equally by initial state | i/;) and 
final measurement outcome | 6), 
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Significantly, weak values do not depend on the specific 
realization of the weak measurement interaction and can 
therefore be regarded as intrinsic expectation values of 
the observable under the conditions expressed by the 



combination of initial and final states IJ]. The weak 
values of projection operators | a)(a | can then be inter- 
preted as conditional probabilities, and the initial quan- 
tum state can be identified with the joint probability 



of weak measurement projection a and final measure- 
ment result b isl- 17|. The structure of weak values re- 
quires that these joint probabilities are given by complex 
numbers, which may seem to be rather counterintuitive. 
However, the appearance of complex expectation values 
in quantum mechanics is a direct consequence of the 
product of non-commuting self-adjoint operators in the 
Hilbert space formalism. Moreover, the imaginary parts 
describe the effects of transformations between the quan- 
tum states 18, 1^, and the negative real parts provide 
a possible explanation of quantum paradoxes 20-25]. It 
may therefore be possible to regard the complex joint 
probabilities observed in weak measurements as a more 
direct and fundamental description of the relation be- 
tween non-classical correlations and transformation dy- 
namics that is encoded in the non-commutative algebra 
of Hilbert space operators. 

If the complex statistics of weak measurements does 
provide a more fundamental description of correlations 
between non-commuting observables, it should be possi- 
ble to explain a much wider range of measurement results 
in terms of the complex probabilities defined by the weak 
values of projection operators. In fact, weak values have 
already been used to identify the values of observables 
before a measurement, permitting an evaluation of res- 
olution and back-action for the specific setup 26|, [27 1. 



Arbitrary measurement processes can then be described 
in terms of complex conditional probabilities relating the 
actual measurement results to the eigenstates of the cor- 
responding physical properties before the measurement 
[23. Unfortunately, the results presented in 2^ 27 1 seem 
to indicate that the effects of the measurement back- 
action strongly depend on the specific realization of the 
measurement interaction. As a consequence, the statis- 
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tics of measurement errors can be rather comphcated and 
difficuh to interpret. An unambiguous separation of mea- 
surement noise and intrinsic probabihties in the experi- 
mental data therefore requires a particularly simple and 
controllable realization of measurement interactions. 

In recent work, we have shown that a sufRciently sim- 
ple error model can be constructed for measurements on 
a two level system, where all possible errors can be de- 
scribed by random spin flips [i^. The results clearly 
demonstrate that the joint probability defined by the 
weak values of the input state consistently explains the 
measurement statistics obtained at all possible measure- 
ment strengths. However, the generalization of this result 
to multi-level systems is not a straightforward matter, 
since the number of possible error syndromes increases 
rapidly with the dimensionality of the Hilbert space de- 
scribing the quantum system. 

In this letter, I point out that a particularly simple 
trade-off between measurement back-action and resolu- 
tion can be obtained in a quantum controlled measure- 
ment of a d-level system, allowing an unambiguous sep- 
aration of measurement noise from the intrinsic prob- 
abilities of the observables. If a control qubit is used 
to implement a coherent quantum superposition of zero 
interaction and fully projective measurement, the mea- 
surement errors are limited to only two distinct patterns: 
the resolution error given by a completely random se- 
lection of the measurement outcome, and the measure- 
ment back-action, given by the conditional probability 
distributions defined by the projection of the initial state 
onto the eigenstates of the different outcomes. The joint 
probabilities for the outcomes of a quantum controlled 
measurement of A followed by a precise measurement 
of B can then be separated into a sum of contributions 
associated with a fully projective measurement, a back- 
action free assignment of a random measurement result, 
and a third contribution that corresponds to the com- 
plex joint probabilities obtained in weak measurements. 
Interestingly, the complex joint probability appears as 
interference term in the superposition of projective mea- 
surement and identity operation selected by the control 
qubit measurement. When the control qubit output in- 
dicates maximal constructive interference between the 
possibilities, the real part of the complex joint proba- 
bility contributes maximally to the experimentally ob- 
served statistics, whereas the imaginary parts appear di- 
rectly in the joint statistics when the control qubit output 
indicates phase differences of 7r/2 in the superposition. 
Thus quantum controlled measurements not only show 
how weak values can be obtained at any measurement 
strength, but also provide an elementary illustration of 
the fundamental relation between measurement uncer- 
tainties and quantum coherence. 

Let us first consider a quantum controlled measure- 
ment of a d-level system, where the state of a single qubit 
decides whether a fully projective measurement of A is 



performed or not. In either case, there will be a mea- 
surement result Aa associated with an eigenstate | a) 
of the observable A. However, if no measurement was 
performed, the result will be completely random, with a 
probability of 1/d for each of the d outcomes a. The ef- 
fect of the quantum controlled measurement can then be 
described by a measurement operator E{a) that acts on 
the input states of system and control qubit according to 

^(a)^_L/^|0)(0| + |a)(a|®|l)(l|, (2) 

where / is the identity operator of the d-dimensional 
Hilbert space. 

If the input state of the control qubit is an equal super- 
position of I 0) and | 1), all possible quantum superpo- 
sitions of projective measurement and identity operation 
can be selected by an appropriate measurement on the 
control qubit output. The operation on the system as- 
sociated with the successful post-selection of a specific 
output state | 0, (p) can be expressed as 

Sg,^{a,l)^l={{e,^)\E{a) (|0>+|1» 

= ^(^-^co&ei + e"l'sme\a){a\^ , (3) 

where (a, 1) indicates a measurement result of a fol- 
lowed by a successful post-selection of the control qubit 
in the corresponding superposition of | 0) and | 1). The 
strength of the quantum controlled measurement varies 
between zero at = and a fully projective measurement 
at 9 — 7r/2, where intermediate strengths are represented 
by a quantum coherent superpositions of projection and 
identity. 

For maximal measurement strength {9 = 7r/2), the 
operator STj/2{a,l) projects the system onto an eigen- 
state I a), completele removing any coherence between 
the eigenstates of A. This back-action will change the 
experimentally observable statistics of a non-commuting 
observable B by essentially changing the distribution of 
eigenvalues Bf, associated with eigenstates | h) from the 
probabilities (6 | pin | h) of the input state /5in to the 
probability distribution \ {b \ a) p conditioned by the mea- 
surement outcome a. In the limit of zero measurement 
strength, there is no back-action and the initial proba- 
bility distribution (6 | \ b) can still be observed in 
the output. The transition between zero measurement 
strength and a fully projective measurement can there- 
fore be described by the joint probabilities p(a, &, 1) of the 
measurement result a and the result of a final projective 
measurement h obtained atO<6'<7r/2, 

p{a, b, 1) (& I Se,4,{a, 1) pin Sl^^{a, 1) | b) 

(cosf?)%, , „ (sin0)2|(6|a)|2 , „ , ^ 
' -{b\pin\b) + ^ ^ ' ^ ' (a I Pin I a) 
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Re {e'^{b\a){a\pin\b)) 



(4) 
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As indicated by the phase dependent contribution to the 
experimentally observable probability given in Eq.Q, 
the transition between weak and strong measurement is 
characterized by quantum interference between the pro- 
jective measurement and the identity operation. In the 
limit of weak measurement {9 ^ 1), this interference 
term can be used to derive the complex weak values of 
the projection operators | a) {a \ by subtracting the zero 
strength result and normalizing the remaining contribu- 
tion, 



((I a) {a Dwoak 



{b\a){a\pin\b) 
{b I /5i„ I b) ■ 



(5) 



It has already been widely discussed that the weak value 
of the projector given in Eq.® can be interpreted as the 
conditional probability of a for the final measurement 
outcome b. In particular, this interpretation is at the 
heart of all resolutions of quantum paradoxes in terms of 
experimentally determined negative probabilities [IB-ii]. 
However, Eq.Q shows that the relevant contribution to 
the measurement statistics not only appears in the weak 
limit, but is observed at any measurement strength of the 
quantum controlled measurement. Specifically, the joint 
probability of a and b can be recovered at arbitrary val- 
ues of 9 by subtracting both the contribution associated 
with a zero stength measurement and the contribution 
associated with the fully projective limit. The complex 
joint probability obtained from this compensation of res- 
olution and back-action errors reads 



p{a,b) = (6 I a) (a I /5i„ | b) 

= Tr(|&)(6|a)(a|/5i„) 



(6) 



As mentioned above, this complex joint probability has 
previously been discussed as p art of the statistical inter- 

ISl-llTf . Interestingly, its his- 



pretation of weak values 
tory goes back much further than the theory of weak 
measurements, originating from the formal definition of 
a complex phase space distribution by Kirkwood in 1933 
[isj and Diracs generalization to arbitrary pairs of ob- 
servables in 1945 [1^. In fact, the operator product of 
the projectors | a) {a \ and | b){b \ is the quantum me- 
chanical equivalent of a logical "AND" since it repre- 
sents the product of the truth values for the statements 
a and b. It is therefore logically consistent that a reduc- 
tion of measurement errors should reveal a contribution 
that corresponds to this complex joint probability. In the 
quantum controlled measurement, it emerges directly as 
a seemingly error free contribution to the joint proba- 
bility observed in a sequential measurement of a and b. 
This appearance of a complex joint probability in a posi- 
tive and real measurement probability is possible because 
all negative contributions originating from p{a, b) are in- 
variably "covered up" by the contributions from mea- 
surement errors and back-action, indicating that mea- 
surement uncertainties may be necessary because funda- 
mental quantum correlations would otherwise result in 



the appearance of negative probabilities in experimen- 
tally observable results 25|, |30| • It may therefore be in- 
teresting to take a closer look at this relation between 
complex joint probabilities and measurement errors in 
quantum controlled measurements. 

To get a clearer impression of how the measurement 
results are related to the intrinsic statistics of the quan- 
tum state, it is helpful to express the measurement statis- 
tics of a quantum controlled measurement of A followed 
by a projective measurement of B entirely in terms of 
the complex joint probability p{a,b). When the results 
usually rejected in the post-selection are included, the to- 
tal probability distribution of the measurement outcomes 
reads 

M) = ^ f>) V ^ (KM «)l 



2 V^^' 
sin 9 cos 



Re (e^'^p(a, b)) 



2 \d' 

sin 9 cos 



Vd 



Re (e''^p(a, b)) 



(7) 



where p{a) — Pi'^- ^^"^ P(^) ~ Ea' ^ ^) ^'^^ 
marginal probability distributions of a and b. Eq.([7]) thus 
indicates that measurement errors can be represented 
by the reduction of the joint probability p{a, b) to its 
marginal probabilities, which corresponds to a random- 
ization of the observable in the sum. The contribution 
of p{a) represents back-action errors, since p(a, b') con- 
tributes to outcomes with b ^ b' , indicating a back-action 
induced transition from b' to b. Likewise, the contri- 
bution of p[b) represents measurement erros in a, since 
p(a', b) contributes to outcomes with a ^ a! . 

The error free contribution of p(a, 6) originates from 
quantum interference and depends on the phase <\) of the 
control qubit readout. Since these contributions can be 
negative, measurement uncertainties are necessary to en- 
sure that the experimental probabilities remain positive. 
To ensure that Eq. ([7]) results in positive probabilities for 
all values of 9 and 0, the complex joint probabilities must 
satisfy the inequality 



\p{aM^ <\{b\a)\^p{a)p{b). 



(8) 



As comparison with Eq.® shows, this relation corre- 
sponds to the Cauchy-Schwartz inequality for the coher- 
ence between the (non-orthogonal) states | a) and | b) 
and is therefore satisfied for all complex joint probabili- 
ties defined in this manner. In fact, the joint probabilities 
of pure states satisfy this condition exactly, resulting in 
experimental probabilities of p(a, 6, 1) = whenever the 
phase ^ differs from the phase of the complex probabil- 
ity by TT. Therefore, any reduction of the measurement 
errors below the limit defined by the quantum controlled 
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measurement is impossible, since it would necessarily re- 
sult in negative probabilities for the actual measurement 
results of pure state inputs. Quantum controlled mea- 
surements thus represent an optimized trade-off between 
measurement resolution and back-action and the mea- 
surement uncerainties are at the absolute minimum re- 
quired to avoid paradoxical predictions. 

As mentioned above, it is possible to determine 
the complex joint probability of an unknown quantum 
state by subtracting the measurement noise associated 
with resolution and back-action uncertainties. However, 
Eq. ([7]) indicates that there is a more direct way of iden- 
tifying the contribution from the complex probability by 
including both possible outcomes of the control qubit 
measurement. Since the complex probability appears 
in the experimental results as a quantum interference 
between the output states | 0) and | 1) of the control 
qubit, it defines the difference between the probabilities 
of two orthogonal outcomes in the equatorial plane of 
qubit states with 9 = tt/A. According to Eq.©, this dif- 
ference between the probabilities of the orthogonal con- 
trol qubit outputs at a phase of is given by 



p{a, h, 1) - p{a, b, 0) Re (e*'^p(a, b)) 



(9) 



Eq.® shows that the phase of the complex joint proba- 
bility p(a, 6) appears directly in the output polarization 
of the control qubit conditioned by a sequential measure- 
ment of a and 5, while the absolute value determines 
the difference between the relative frequencies of the out- 
comes for observations along the polarization axis. It is 
therefore possible to use the control qubit output as a 
two dimensional meter indicating the complex value of 
the joint probability associated with a sequential mea- 
surement outcome of a and b by its output polarization. 

In summary, quantum controlled measurements give 
particularly direct access to the complex joint probabili- 
ties associated with the operator product of projectors 
describing measurement outcomes for non-commuting 
observables in Hilbert space. The joint probability ap- 
pears directly as a significant contribution to the ex- 
perimentally observable joint probabilities obtained in 
a sequential measurement of a and b, and is easily dis- 
tinguished from effects of measurement uncertainties by 
the dependence on control qubit phase. This phase de- 
pendence shows that the joint probability is obtained 
from a quantum interference between projective mea- 
surement and identity operation, highlighting the fun- 
damental relation between quantum coherence and mea- 
surement dynamics in the trade-off between resolution 
and back-action. Significantly, the interference between 
projective measurement and identity operation results 
in an error free joint probability consistent with the re- 
sults previously derived from weak measurements. The 
noise background associated with measurement errors 
and back-action can be explained in terms of the same 



joint probability, simply by assigning appropriate proba- 
bilities to the random scattering between the initial val- 
ues of a and b and the final measurement results. The 
fact that the different measurement results obtained at 
variable measurement strength can thus be explained in 
terms of the same joint probability describing the intrin- 
sic statistics of the input state supports the conclusion 
that these complex probabilities provide a valid descrip- 
tion of the measurement independent correlations be- 
tween non-commuting properties in the quantum formal- 
ism. Moreover, the unavoidable trade-off between mea- 
surement resolution and back-action can be explained 
by the need to compensate the negative contributions 
of the intrinsic joint probability with a positive probabil- 
ity noise background. Quantum controlled measurements 
thus illustrate the fundamental role of quantum coher- 
ence in the measurement process and provide a particu- 
larly direct illustration of how the quantum correlations 
of non-commuting observables define the uncertainty lim- 
its of quantum measurements. 
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